In this paper we define the notion of the locally right regular sequence of semigroups. We show that, if S is a semigroup and α is a congruence on S, then the sequence S/α (0) , S/α (1) , . . . , S/α (n) , . . . of factor semigroups is locally right regular, where α (0) = α and, for a non-negative integer n, α (n+1) is the congruence on S defined by: (a, b) ∈ α (n+1) if and only if (xa, xb) ∈ α (n) for all x ∈ S. In our investigation special Rees matrix semigroups over semigroups are used. We also present some further results on this type of semigroups.
Introduction
Let S be a semigroup and α be a congruence on S. Denote
the sequence of congruences on S, where α (0) = α and, for an arbitrary non-negative integer n, α (n+1) is defined by (a, b) ∈ α (n+1) if and only if (xa, xb) ∈ α (n) for all x ∈ S (see [7, p. 133] ). It is known that the relation θ S on a semigroup S defined by (a, b) ∈ θ S if and only if xa = xb for all x ∈ S is a congruence on S. The congruence θ S is the kernel of the right regular representation a → ̺ a of S ( [3, p. 9] ). Clearly, θ (n) S = ι (n+1) S for every non-negative integers n, where ι S denotes the identity relation on S. The factor semigroup S/θ S will be denoted by S/θ. As in [1] and [2] , S/θ also will be called the right regular representation of S.
The notion of the right regular representation of semigroups plays an important role in the examination of semigroups. Here we refer to only papers [1] , [2] and [9] , in which the authors examine the connection between a semigroup S and the right regular representation S/θ of S, in special cases.
In our present paper we consider arbitrary semigroups S, and investigate not only the first two elements of the sequence S, S/θ (0) , S/θ (1) , . . . , S/θ (n) , . . .
We focus or attention to the whole one. We define the notion of the locally right regular sequence of semigroups, and show that, for every semigroup S, the sequence S, S/θ (0) , S/θ (1) , . . . , S/θ (n) , . . .
is locally right regular. In fact, we prove a more general result. In Section 2, we show that, for any semigroup S and any congruence α on S, the sequence S/α (0) , S/α (1) , S/α (2) , . . . , S/α (n) , . . .
is locally right regular. In our investigation special Rees matrix semigroups over semigroups will be used. In Section 3 and Section 4, some further results on these semigroups will also be presented.
If α is a congruence on a semigroup S, then [s] α will denote the α-class of S containing the element s of S. A mapping ϕ of the factor semigroup S/α into S is said to be α-preserving if ϕ([s] α ) ∈ [s] α for every s ∈ S. For notations and notions not defined here, we refer to [3] and [6] .
Locally right regular sequences
Let S be a semigroup, I, Λ be non empty sets, and P be a Λ × I matrix with entries p λ,i from S. Define M(S; I, Λ; P ) with the multiplication (i, s, λ)(j, t, µ) = (i, sp λ,j t, µ).
Then M(S; I, Λ; P ) is a semigroup called a Rees matrix semigroup over the semigroup S. In this paper we consider only such Rees matrix semigroups M = M(S; I, Λ; P ) over semigroups S in which the set I contains exactly one element. These Rees matrix semigroups will be denoted by M(S; Λ; P ). The matrix P can be considered as a mapping of Λ into S, and so the entries of P will be denoted by P (λ). If the element of I is denoted by 1, then the element (1, s, λ) of M(S; Λ; P ) can be considered in the form (s, λ); the operation on M(S; Λ; P ) is (s, λ)(t, µ) = (sP (λ)t, µ).
Definition 1
We shall say that a sequence S 1 , S 2 , . . . , S n , . . . of semigroups S i (i = 1, 2, . . .) is locally right regular if, for every positive integer i, there are mappings
that is, the right regular representation of the Rees matrix semigroup M(S i ; S i+1 ; P i+1,i ) over the semigroup S i is isomorphic to the Rees matrix semigroup M(S i+2 ; S i+1 ; P i+1,i+2 ) over the semigroup S i+2 .
In this section we present our main theorem. First we prove a lemma, which will be used in our investigation.
Lemma 1 For any semigroup S and every non-negative integers i and j,
Proof. Let S be an arbitrary semigroup and i, j be arbitrary non-negative integers. Let κ i,j : S/θ (i) → S/θ (i+j+1) be the mapping defined by
As θ (i) ⊆ θ (i+j+1) , the mapping κ i,j is well-defined. It is clear that κ i,j is a surjective homomorphism. We show that the kernel kerκ i,j of κ i,j equals θ
which is equivalent to the condition that
This last condition is equivalent to
For an arbitrary semigroup S and an arbitrary congruence α on S, the sequence
is locally right regular.
Proof. First we prove our assertion in that case when α = ι S . As ι
(n) for every non-negative integer n, we have to show that the sequence
is locally right regular. By Lemma 1,
for every semigroup S and every non-negative integer n. Thus our assertion will be proved, if we show that, for any semigroup S, there are mappings
such that the right regular representation of the Rees matrix semigroup M(S; S/θ; P ) is isomorphic to the Rees matrix semigroup M(S/θ
Let S be an arbitrary semigroup and P an arbitrary θ S -preserving mapping of S/θ into S. Let P ′ denote the mapping of S/θ onto S/θ (1) defined by
S , the mapping P ′ is well-defined. Let θ ⋆ denote the kernel of the canonical homomorphism of the Rees matrix semigroup M(S; S/θ; P ) onto its right regular representation.
Let Φ be the mapping of the right regular representation M(S; S/θ; P )/θ
where
We show that Φ is injective. Assume
and so
Let x, ξ ∈ S be arbitrary elements. Since θ
S , we have xξa = xξc, and so
Thus Φ is injective. Consequently Φ is bijective.
In the next we show that Φ is a homomorphism. Let
Thus Φ is a homomorphism. Consequently Φ an isomorphism of the right regular representation of the Rees matrix semigroup M(S; S/θ; P ) onto the Rees matrix semigroup M(S/θ (1) , S/θ; P ′ ). Next, consider the case when α is an arbitrary congruence on S. For every non-negative integer n, consider the congruences α (n) /α (0) on the factor semigroup S/α (0) (see [5, Theorem 5.6 on page 24]). By [7, Lemma 7] ,
Thus the sequence
By the first part of the proof, this sequence is locally right regular. ⊓
Hereditary properties
In this section we present some results on properties of semigroups S which inherited from S to the Rees matrix semigroup M(S; Λ; P ).
Theorem 2 A Rees matrix semigroup M(S; Λ; P ) over a semigroup S is right simple if and only if S is right simple.
Proof. Let M = M(S; Λ; P ) be an arbitrary Rees matrix semigroup over a semigroup S. Assume that S is right simple. Let (s, λ), (t, µ) ∈ M(S; Λ; P ) be arbitrary elements. Then sP (λ)S = S, and so sP (λ)x = t for some x ∈ S. Hence (s, λ)(x, µ) = (sP (λ)x, µ) = (t, µ).
Conversely, suppose that M(S; Λ; P ) is right simple. Let s, t ∈ S be arbitrary elements. Then, for any λ ∈ Λ, Proof. Let M = M(S; Λ; P ) be an arbitrary Rees matrix semigroup over a semigroup S. Assume that S is simple. Let (a, λ), (b, µ) ∈ M(S; Λ; P ) be arbitrary elements. Then, for an arbitrary ξ ∈ Λ, SP (ξ)aP (λ)S = S, and so xP (ξ)aP (λ)y = b
for some x, y ∈ S. Hence (x, ξ)(a, λ)(y, µ) = (xP (ξ)aP (λ)y, µ) = (b, µ).
for every (a, λ) ∈ M. Then M(S; Λ; P ) is simple. Conversely, assume that M(S; Λ; P ) is simple. Let a, b ∈ S and λ, µ ∈ Λ be arbitrary elements. Then M(a, λ)M = M, and so there are elements (x, ξ), (y, η) ∈ M(S; Λ; P ) such that (xP (ξ)aP (λ)y, η) = (x, ξ)(a, λ)(y, η) = (b, µ). Proof. As an epimorphic image of a simple semigroup is simple, the proof is similar to the proof of Theorem 3. ⊓ Lemma 2 If S is a left simple semigroup, then, for an arbitrary non-empty set Λ and an arbitrary mapping P : Λ → S, the Rees matrix semigroup M(S; Λ; P ) is simple in which L λ = {(s, λ) : s ∈ S} is a minimal left ideal for every λ ∈ Λ.
Proof. See the dual of Exercise 6 for §8.2 of [4] . ⊓
We note that, if a Rees matrix semigroup M(S; Λ; P ) is left simple, then |Λ| = 1 (and so S is left simple). Indeed, if M(S; Λ; P ) is left simple and λ, µ are arbitrary elements of Λ, then, for arbitrary a, b ∈ S, there is an element (x, ξ) ∈ M(S; Λ; P ) such that (b, µ) = (x, ξ)(a, λ) = (xP (ξ)a, λ). From this it follows that µ = λ.
Lemma 3 A Rees matrix semigroup M(S; Λ; P ) over a semigroup S is left cancellative if and only if, for every a, b, c ∈ S and λ ∈ Λ, the assumption aP (λ)b = aP (λ)c implies b = c. Especially, if S is a left cancellative semigroup, then, for any set Λ and any mapping P : Λ → S, the Rees matrix semigroup M(S; Λ; P ) is left cancellative.
Proof. To prove the first assertion, assume that the Rees matrix semigroup M(S; Λ; P ) over the semigroup S is left cancellative. Let a, b, c ∈ S and λ ∈ Λ be arbitrary element with
Then, for an arbitrary µ ∈ Λ, (a, λ)(b, µ) = (a, λ)(c, µ).
As the Rees matrix semigroup M(S; Λ; P ) is left cancellative, we get (b, µ) = (c, µ) from which we get b = c.
Conversely, assume that, for every a, b, c ∈ S and λ ∈ Λ, the assumption aP (λ)b = aP (λ)c implies b = c. Let (a, λ), (b, µ), (c, τ ) ∈ M(S; Λ; P ) be arbitrary elements with
that is, aP (λ)b = aP (λ)c and µ = τ.
By our assumption, we get b = c, and so (b, µ) = (c, τ ).
Hence the Rees matrix semigroup M(S; Λ; P ) is left cancellative. Thus the first assertion of the lemma is proved. The second assertion is an obvious consequence of the first one. ⊓ Lemma 4 A Rees matrix semigroup M(S; Λ; P ) over a right simple semigroup S is left cancellative if and only if S is left cancellative.
Proof. Let S be a right simple semigroup. If S is left cancellative, then the Rees matrix semigroup M(S; Λ; P ) is left cancellative by Lemma 3.
Conversely, assume that the Rees matrix semigroup M(S; Λ; P ) is left cancellative. Assume xa = xb for some elements x, a, b ∈ S. Let λ ∈ Λ be arbitrary. As S is right simple, there are elements a
Then, for an arbitrary µ ∈ Λ,
As M(S; Λ; P ) is left cancellative, we get a ′ = b ′ , from which it follows that a = b. Hence S is left cancellative. ⊓
A right simple and left cancellative semigroup is called a right group.
Theorem 6 A Rees matrix semigroup M(S; Λ; P ) over a semigroup S is a right group if and only if S is a right group.
Proof. Let S be a right group. Then, by Theorem 2 and Lemma 3, the Rees matrix semigroup M(S; Λ; P ) is a right group. Conversely, assume that M(S; Λ; P ) is a right group. By Theorem 2, S is right simple. Then, by Lemma 4, S is also left cancellative. Hence S is a right group. ⊓ Theorem 7 Let S i (i = 1, 2, . . .) be semigroups such that the sequence Proof. It is sufficient to show that, if S 1 and S 2 are right groups, then every semigroup S i (i = 1, 2, . . .) is a right group. Assume that S 1 and S 2 are right groups. Then every semigroup S i (i = 1, 2, . . .) is right simple by Theorem 3. By Lemma 3, the Rees matrix semigroups M(S 1 ; S 2 ; P 2,1 ) and M(S 2 ; S 3 ; P 3,2 ) are left cancellative. Then, using Theorem 1 and the fact that θ A = ι A for every left cancellative semigroup A, we get
and
Hence the Rees matrix semigroups M(S 3 ; S 2 ; P 2,3 ) and M(S 4 ; S 3 ; P 3,4 ) are left cancellative. As S 3 and S 4 are right simple semigroups, the semigroups S 3 and S 4 are left cancellative by Lemma 4. Consequently S 3 and S 4 are right groups. We can conclude, by induction, that every semigroup S i (i = 1, 2, . . .) is a right group. ⊓ A semigroup S is called a left equalizer simple semigroup if, for arbitrary elements a, b ∈ S, the assumption x 0 a = x 0 b for some x 0 ∈ S implies xa = xb for all x ∈ S (see [9, Definition 2.1]). The left equalizer simple semigroups are described in [9, Theorem 2.2] . In [9] we gave a construction (Construction 1, which is a special case of the construction of [8, Theorem 2] ), and proved that a semigroup is left equalizer simple if and only if it is isomorphic to a semigroup defined in [9, Construction 1] .
The next lemma on left equalizer simple semigroups will be used in the proof of Theorem 8. Theorem 8 If S is a left equalizer simple semigroup and P is a θ S -preserving mapping of S/θ into S, then the Rees matrix semigroup M(S; S/θ; P ) is left equalizer simple.
Proof. Let S be a left equalizer simple semigroup. By Lemma 5, S/θ is a left cancellative semigroup, and so θ S/θ = ι S/θ . Consider the congruence θ
This last condition is equivalent to the condition that
S /θ S = id S/θ , and so θ As the Rees matrix semigroup M(S/θ (1) ; S/θ; P ′ ) is left cancellative, the semigroup M(S; S/θ; P ) is left equalizer simple by Lemma 5. ⊓
Embedding theorems
Theorem 9 Let τ be an embedding of a semigroup S into the semigroup T . Then, for an arbitrary non-empty set Λ and an arbitrary mapping P of Λ into S, the Rees matrix semigroup M(S; Λ; P ) can be embedded into the Rees matrix semigroup M(T ; Λ; P ′ ), where
Proof. We show that
is an embedding of the Rees matrix semigroup M(S; S/θ; P ) into the Rees matrix semigroup M(T ; S/θ; P ′ ). First we show that Ψ is injective. Assume
for some a, b ∈ S and λ, µ ∈ Λ. Then τ (a) = τ (b) and λ = µ.
As τ is injective, we get (a, λ) = (b, µ).
Next we show that Ψ is a homomorphism. Let (a, λ) and (b, µ) be arbitrary elements of M(S; Λ; P ). Then
and so Ψ is a homomorphism. Consequently Ψ is an embedding. ⊓ Corollary 1 If τ is an embedding of a semigroup S into a semigroup T , then, for an arbitrary θ S -preserving mapping P : S/θ → S, the Rees matrix semigroup M(S; S/θ; P ) can be embedded into the Rees matrix semigroup M(T ; S/θ; P ′ ), where P ′ : S/θ → T is defined by P ′ ([s] θ S ) = τ (P ([s] θ S )).
Proof. By Theorem 9, it is obvious. ⊓ Theorem 10 Let τ be an embedding of a semigroup S into a group T . Then, denoting the identity mapping of S by id S , the Rees matrix semigroup M(S; S; id S ) can be embedded into the completely simple Rees matrix semigroup M(T ; S; τ ).
Proof. By Corollary 1, the Rees matrix semigroup M(S; S/θ; P ) over S can be embedded into the Rees matrix semigroup M(T ; S/θ; P ′ ). Since S is embeddable into the group T , then S is (left) cancellative. Thus θ S = ι S , and so S/θ ∼ = S, P = id S and P ′ = τ . Hence the Rees matrix semigroup M(S; S; id S ) over S can be embedded into the Rees matrix semigroup M(T ; S; τ ) over T . As T is a group, M(T ; S; τ ) is a Rees matrix semigroup over the group T without zero ([3, p. 88]). By the Rees theorem, M(T ; S; τ ) is a completely simple semigroup. ⊓ Theorem 11 Let S be an idempotent-free left equalizer simple semigroup. Then, for an arbitrary non-empty set Λ and an arbitrary mapping P of Λ into S, the Rees matrix semigroup M(S; Λ; P ) can be embedded into a simple Rees matrix semigroup containing a minimal left ideal.
Proof. Let S be an idempotent-free left equalizer simple semigroup, Λ a non-empty set and P a mapping of Λ into S. Then, by the dual of Theorem 8.19 of [4] , there is an embedding τ of S into an idempotent-free left simple semigroup T . By Theorem 9, the Rees matrix semigroup M(S; Λ; P ) can be embedded into the Rees matrix semigroup M(T ; Λ; P ′ ), where P ′ : Λ → T is defined by P ′ (λ) = τ (P (λ)). By Lemma 2, M(T ; Λ; P ′ ) is a simple semigroup containing a minimal left ideal. ⊓
